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GEPEA, UMR CNRS 6144, ENITIAA, rue de la Géraudière, BP 82225, F- 44322 Nantes cedex 3, France

DOI 10.1002/aic.10759
Published online January 13, 2006 in Wiley InterScience (www.interscience.wiley.com).

Software sensors (or observers) are especially useful when the state vector of a system
cannot be measured. Widely employed for bioprocesses, they estimate the state variables
from available measurements, which are functions of one or several state variables,
provided that the observability property is checked. In food defrosting, an important
challenge is to know the spread of the melting front inside the product, without any
invasive measurement. The solution proposed in this paper is based on the design of
software sensors able to estimate, from a superficial temperature measurement, the
temperature distribution in the product, in real time, and consequently making it possible
to determine the melting zone. The proposed solutions are, first, an extended Kalman
Filter and, second, switched reduced Luenberger observers. The results are illustrated
during the experimental thawing of a block of tylose in forced convection.© 2006 American
Institute of Chemical Engineers AIChE J, 52: 1473–1480, 2006
Keywords: Luenberger observer, Extended Kalman Filter, heat transfer, phase change,
thawing.

Introduction

Freezing1 and defrosting are key operations for the food
industry, in that they represent the most employed technique
for food preservation in industrial countries. To be able to
measure the position of the melting or crystallization front in
real time can prove very beneficial for the process, as it enables
one to supervise the progress inside the food, or better still, to
control the kinetics of it1,2. Indeed, some authors reported that
the kinetics of freezing or defrosting has a considerable influ-
ence on the final quality of the product, whether it is from the
organoleptic point of view or in terms of drip losses3,4.

To our best knowledge, no relevant technical solution, which
is not invasive, is available today to achieve this goal. In this
paper, we propose to estimate this front location from the
single knowledge of the superficial temperature of the product.
An algorithmic treatment associated with this measurement
makes it possible to develop a software sensor.

Software sensors, more known under the denomination “ob-
servers” in the process control community, were the subject of
many works in the past 50 years. They have been applied to a
broad variety of model structures. Relevant analytical solutions
are proposed for linear systems, as the famous Luenberger
observer5, the Kalman Filter6, or the Least-Squares approach-
es7,8. As for nonlinear systems, the most employed approach is
certainly the Extended Kalman Filter9. Analytical solutions are
available10-13, although they ask strong competence in mathe-
matics and require heavy calculations. Finally, some numerical
approaches, based on criterion minimization, can be applied to
linear or non linear systems14-16.

However, modeling of heat transfer, with or without phase
change, leads to the class of distributed parameters systems,
that is, described by partial differential equations. If some
authors propose to consider this system in terms of control17 or
observer design18, the technique most commonly used is to
reduce these systems into lumped parameters, via orthogonal
collocation, singular perturbations or finite differences, and to
apply the observer solutions mentioned previously. No work
deals with this problematic with regards to phase change during
heat transfer.
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In this article, we propose to estimate the melting front
location during food thawing, first using the well-known Ex-
tended Kalman Filter, and second by proposing a set of
switched Luenberger observers. The article is organized as
follows:
- Brief recall of observers and observability properties,
- Modelling heat transfer with phase change (including reduc-
tion into lumped parameters systems),
- Observability analysis of the system,
- About Extended Kalman Filter and the Switched Luenberger
Observers,
- Description of experimental defrosting of tylose in simple
geometry under forced convection.

Brief recall about observers

Let us consider the following nonlinear system:

dx

dt
� f� x�t�, u�t��

y � g� x�t�� (1)

where x � Rn represents the state vector, u � Rm the input
vector (or manipulated vector) and y � Rp the output (or
observation) vector. An observer for this system10 is the fol-
lowing auxiliary dynamical system:

dz

dt
� f� z�t�, u�t�, y�t��

x̂�t� � g� z�t�, u�t�, y�t�� (2)

where the input vector is constituted of the input and output
vectors of the system, and the output vector x̂(t) is the esti-
mated state vector.

A necessary condition to assign the dynamics of the observer
is that the system must be observable, that is, it does not have
couples of indistinguishable initial states10,19.

In the case of linear systems,

dx

dt
� Ax � Bu

y � Cx (3)

A sufficient and necessary condition of observability is that
the observability matrix, defined as in (4), is of full rank.

� � �
C

CA
···

CAn�1
� (4)

For nonlinear systems, this condition is local, and the system
(1) is locally observable in x0 if and only if the rank of

�

� x �
g

Lfg···
Lf

n�1g
��

x0

(5)

is n.
Lfg represents the Lie derivative20.

Modeling of heat transfer with phase change

Issued from the well-known Fourier’s Law, the heat transfer
by conduction inside a solid is described by the following
equation, where no source term is considered:

��T�Cp�T�
�T

�t
� div���T�grad�T� (6)

By considering that the thermal conductivity is quite constant
except during the melting phase, it can be simplified as follows:

��T�Cp�T�
�T

�t
� ��T� � div�grad�T� (7)

Afterwards, only one-dimensional (1-D) heat transfer is con-
sidered (“infinite plate”):

��T�Cp�T�
�T

�t
� ��T� �

�2T

� z2 (8)

Concerning the boundary conditions, we consider that the heat
exchange at the surface in z � 0 is convective, and that the
surface in z � L is insulated:

�
�T

� z
� 0 at z � L

h(Ta � T(z)) � ��(T, z) �
�T

�z
at z � 0

T(z, t) � T0 at t � 0, � z

(9)

As mentioned in the introduction, works about distributed
parameters systems are sparse, especially for nonlinear sys-
tems, and the usual approach consists of reducing them into
lumped parameters systems. Let us consider a spatial meshing
of the food, composed of n homogeneous volumes with 	z,
their thickness. An energy balance of each volume leads to the
following system of equations:

�
dT1

dt
� �(T1)�T2 � T1�1 �

h � 	z

�(T1)
�� �

h � 	z

�(T1)
� �(T1) � Ta

dTi

dt
� �(Ti)(Ti�1 � 2Ti � Ti�1) � i � [2; n � 1]

dTn

dt
� �(Tn)(Tn�1 � Tn)

(10)

where
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��T� �
��T�

��T� � Cp�T� � 	z2

For the majority of the foodstuffs, the thermal conductivity
and the density remain quite constant with temperature in
liquid or solid phases, with a smooth variation during melting
phase. On the contrary, the apparent specific heat (taking into
account the latent heat), increases considerably during the
melting phase. Figure 1 illustrates the result obtained by Dif-
ferential Scanning Calorimetry for a sample of tylose (water �
methylcellulose). Tm� corresponds to the peak of apparent
specific heat.

Due to the particular form of the apparent specific heat
function (Figure 1), let us consider that we can split its evolu-
tion in three distinct phases:

(i) The first one corresponds to the solid phase, where the
sample is totally frozen:

Ti 
 Tm� � i (11)

In this phase, thermal properties can be considered constant,
even if the specific heat evolves slowly with temperature (Fig-
ure 1). The model can be rewritten as a linear state space
representation:

dT

dt
� AT � Bu (12)

where A is a three-diagonal matrix and u is the ambient tem-
perature:

A � �f � �
�1 �

h � 	z

�f

2 0 0 · · · 0

1 �2 1 0 · · · 0
0 1 �2 1 · · ·

···
0 0 · · ·

· · ·
· · ·

······
···

· · · 1 �2 1
0 0 · · · 0 1 �1

�;

B � �
h � 	z

�f
� �f

0
···
0

� (13)

(ii) The second one corresponds to the melting phase, and the
model is Eq. 10 if at least one temperature Ti verifies the
following inequalities:

Tm� � Ti � Tm� (14)

(iii) At last, if Ti � Tm�, @i, the following linear state space
representation can be used:

A � �d � �
�1 �

h � 	z

�d

2 0 0 · · · 0

1 �2 1 0 · · · 0
0 1 �2 1 · · ·

···
0 0 · · ·

· · ·
· · ·

······
···

· · · 1 �2 1
0 0 · · · 0 1 �1

�;

B � �
h � 	z

�d
� �d

0
···
0

� (15)

Observability analysis
Solid and liquid phases

Let us consider a measurement of the surface at z � 0. The
output vector is y � g(T1) � T1, the output equation of both
linear state space representations is:

y � C � T (16)

with

C � �1 0 · · · 0�

It can be verified that the observability matrix is triangular,
with non null coefficients on the diagonal: the rank condition is
always verified and the system is thus observable in solid and
liquid phases. Indeed, diag(Obs) � [1 2 . . . 2].

Melting phase

Let us consider the particular class of nonlinear and upper-
triangular systems:

Figure 1. Apparent specific heat of tylose (methylcellu-
lose � water) with temperature

AIChE Journal April 2006 Vol. 52, No. 4 Published on behalf of the AIChE DOI 10.1002/aic 1475



Ṫ � �
f1(T1, T2)

f2(T1, T2, T3)···
fn�1(T1, T2, . . . , Tn�1, Tn)

fn(T1, T2, . . . , Tn)
�

� 	
i

m �
f̃ i,1(T1)

f̃ i,2(T1, T2)······
f̃ i,n(T1, T2, . . . , Tn)

� � ui (17)

For an output vector y � g(T1), a necessary and sufficient
condition for this system to be observable is to be at strict

bounds10. In other words, it means that
�fi

�Ti�1

 0, � i � �1; n

� 1�.
It can be noted straightforwardly that the system issued from

the reduction of the heat equation belongs to the class of
upper-triangular systems. Let us consider a measurement of the
surface at z � 0. The output vector is thus y � g(T1) � T1

Concerning the strict bonds, it appears that:
�fi

�Ti�1

� ��Ti� � i � �1; n � 1�
From an analytical point of view, the function �(T) is never

equal to zero, and the system is thus observable. However, it
can be noticed, due to the form of the apparent specific heat,
that:

��T�O¡
T3 Tm�

�

�		��T� � T 
 Tm�

Consequently, when a volume i is at temperature Tm�, �(Ti)
is close to 0. The dependency of the measurement T1 with the
temperatures Ti�1 to Tn is thus considerably reduced.

The state space can be split into an observable subspace (T1,

. . ., T
i
), and another one, (Ti�1, . . ., Tn

), which is nonobservable
from a numerical point of view.

Observer design

In this section we will consider the previous problem in two
different ways. First of all, we propose to develop an Extended
Kalman Filter, based on the complete nonlinear model (10),
while keeping in mind that a part of the state will be slightly
observable. Second, we propose to benefit from the linearity of
the model in the observable part by developing reduced Luen-
berger observers. In other words, the state estimation is limited
to the observable subsystem. Obviously, due to the melting
front progression, we propose to use a set of switched reduced
observers.

Extended Kalman Filter

Let us consider the nonlinear model (10). It can be rewritten
in the following matrix form:

dT

dt
� A�T� � T � B�T� � Ta

y � C � T (18)

where A is a three-diagonal matrix (n 
 n) with Ai,i �
�2�(Ti), Ai,i�1 � Ai,i�1 � �(Ti) @i � [2, n], and A1,1

� ���T1��1 �
h � 	z

�(T1)
�, A1,2 � ��T1� �

h � 	z

��T1�
. All the coef-

ficients of B (1 
 n) are equal to zero except B1

� ��T1� �
h � 	z

��T1�
. In the same way, all the coefficients of C

(n 
 1) are equal to zero except C1 � 1.
The Extended Kalman Filter uses a linearization of the

model for the calculation of the gain of the covariance of the
estimated state vector. This observer is given by the following
structure9:

dT̂

dt
� A�T̂�T̂�t� � B�T̂�u�t� � K�t�� y�t� � CT̂�t��

with K�t� � P�t��T�t�R�1�t� (19)

K(t) is the gain of observer. T̂(t) represents the estimated state
vector. The covariance of the estimation error, denoted P(t),
must satisfy the Riccati equation21:

Ṗ�t� � ��T̂�t�� P�t� � P�t��T�T̂�t�� � Q�t�

� P�t��T�T̂�t�� R�1�t���T̂�t�� P�t� (20)

with

��T̂�t�� �
��A(T)T(t) � B(T)u(t)]

�T(t)



T�t��T̂�t�

��T̂�t�� �
�[CT(t)]

�T(t)



T�t��T̂�t�

(21)

It is obvious that in solid and liquid phases, the thermal
parameters being constant, we have:

��T̂�t�� � A

��T̂�t�� � C (22)

Q(t) and R(t) are real, symmetric and definite positive matrices,
representing the variance of output and state noises, assumed to
be white and centred. They are usually fixed arbitrarily, and so
a good practice is necessary for their correct adjustment.

Switched reduced Luenberger observers

As mentioned previously, we propose here to limit the state
estimation to the observable subsystem. In this subsystem, the
function �(T) is quite constant and we can consider that the
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model is linear. The model, reduced to the observable sub-
space, is:

dTobs

dt
� Aobs � Tobs � Bobs � Ta

y � Cobs � Tobs (23)

where Tobs � Rk, by considering that the volumes 1 to k-1 are
in the defrosted area, and that the melting area begins at
volume k. We can then consider that the temperature at volume
k does not evolve due to the small value of �(Tk):

dTk
obs

dt
� 0

For volumes 1 to k-1, �(T) � �d. The matrix Aobs, of
dimensions (k 
 k), is simplified as follows:

Aobs � �d � �
�1 �

h	z

�

h	z

�
0 · · · · · · 0

1 �2 1 · · ·
···

0 1 �2 1 · · · ······
· · ·

· · ·
· · ·

· · · 0
···

· · · 0 1 �2 1
0 · · · 0 0 0 0

�
and B1

obs � �d �
h � 	z

�d
.

The expression of the Luenberger observer5 is similar to that
obtained with the Extended Kalman Filter (19), but with a
constant gain K:

dT̂obs

dt
� AobsT̂obs�t� � Bobsu�t� � Kobs � � y�t� � CobsT̂obs�t��

(24)

The convergence rate of the estimation error, T̃obs(t) � T̂obs(t)
� Tobs(t), depends on the eigenvalues of the matrix Aobs �
KobsCobs. Indeed,

dT̃obs

dt
� � Aobs � KobsCobs� � T̃obs�t� (25)

As for the Kalman Filter, certain skills are necessary to cor-
rectly determine the matrix K, that is, the eigenvalues of Aobs �
KobsCobs.

Concerning the nonobservable subsystem, from volume k�1
to n, we propose a simulation without correction:

dT̂no

dt
� Ano�T̂no� � T̂no�t� � Bno�T̂no� � u�t� (26)

where Ano is a (n � k) 
 (n � k) matrix.
Finally, the complete solution we propose is:

dT̂

dt
� �Aobs 0

0 Ano(T̂no)� � T̂�t� � � Bobs

Bno(T̂no)� � u�t�

� �Kobs

0 � � � y � CT̂� (27)

with T̂ � �T̂obs

T̂no �.

Switching conditions

At the initial time, the temperatures T1 to Tk are below Tm�.
No correction is proposed and the evolutions of the tempera-
tures are computed with (27), where Aobs � R0
0, Bobs � R0,
Kobs � R0 and Ano � Rn
n, Bno � Rn.

First commutation: T1 
 Tm�. As soon as the measure-
ment of the superficial temperature is superior to the finishing
melting temperature, the melting area starts at volume 2. Equa-
tion (27) is used for the estimation, with Aobs � R2
2, Bobs �
R2, Kobs � R2 and Ano � R(n�2)
(n�2), Bno � Rn�2.

Second commutation: T̂2 
 Tm�. As soon as the estima-
tion of the temperature at volume 2 is superior to the finishing
melting temperature, it can be assumed that the melting front
starts now at volume 3, and Aobs � R3
3, Bobs � R3, Kobs �
R3 and Ano � R(n�3)
(n�3), Bno � Rn�3.

Next commutations: T̂i 
 Tm�. The evolution of the di-
mensions of the matrices continues until i � n.

Experimental validation

The Luenberger observers and the Kalman filter have been
developed using Matlab® and Simulink® softwares.

Experimental conditions

The product considered in our experiments is Tylose, which
is composed of water (86.6 %), methyl cellulose (13%) and salt
(0.4%). We present its thermal and physical properties22 in
Table 1.

The tylose sample is 6 cm thick; its lateral and inferior
surfaces are perfectly insulated to warrant a unidirectional heat
transfer. The block of tylose is located in a climatic chamber
where the convective coefficient h is approximately known (30
W/m2.K) and where the ambient temperature is controlled and
measured (Ta � 30�C). The initial temperature of the sample
is -35°C.

In order to judge the relevance of the approach, 4 thermo-

Table 1. Thermal and Physical Properties of Tylose

Temperature (°C) T 	 �10 �10 
 T 
 �2.6 �2.6 	 T 	 �1.1 �1.1 	 T 	 0.5 0.5 
 T
Apparent specific heat

(KJ/kg � K) 0.0529 � T � 3.7841 31.785 � exp(0.2306 � T) 33.278 � T � 103.71 �110.92 � T � 48.561 0.0037 � T � 3.6827
Thermal conductivity

(W/m � K) 1.43/(1 � exp(1379.4 � T � 5794.5)) � 0.52
Density (kg/m3) 960 1014 1014 1014 1068

AIChE Journal April 2006 Vol. 52, No. 4 Published on behalf of the AIChE DOI 10.1002/aic 1477



couples were located inside the block of tylose, to compare
estimated and measured temperatures. The first one is 5 mm
below the surface. The other thermocouples are 15 mm, 25 mm
and 35 mm below the surface and will be used to compare the
estimated and measured temperatures. In heat transfer model-
ling, it is well-known that a refinement of the grid close to the
surface is widely beneficial. For this reason, a fifth thermocou-
ple is added as close as possible to the surface (�1 mm). Thus,
the number of finite volumes is equal to 7.

The first volume in this case is 1.5 mm thick, and the second
is 3.5 mm thick. The spatial grid used is illustrated in Figure 2.

Experimental results

The initial conditions are voluntarily chosen far from those
of sample of tylose, for better appreciating their convergence.
Indeed, the initial temperature of the sample during the exper-
iments was -35°C, and the Kalman Filters and switched ob-
servers were initialized at -45°C. The temperature correspond-
ing to the thermocouple close to the surface is not represented
for a better readability of the figures.

Extended Kalman filter

The matrix Q and R are assumed constant and chosen to
obtain a good convergence:

Q � 0.1 � Id

R � 100 (28)

The results are illustrated in Figure 3. It can be noticed that,
although a difference of 10°C was introduced in the Kalman
Filter at the initial time, this one converges quickly during the

first hour. The estimation errors observed for T2 to T4 are
relatively small. These results can be explained as follows:
during the first hour of experiment, the product is totally
frozen, without any melting front, as the complete state vector
is observable. This period of observability is sufficiently long
to allow the Kalman Filter to converge. After one hour, the
melting front appears, but the weakly observable state variables
are, however, correctly estimated because no disturbance oc-
curs on the process.

Once the temperature is estimated by the Kalman filter, the
location of the melting front can be deduced by interpolation or
by searching the volume for which the temperature is closest to
Tm�.

Experimental results with the switched Luenberger
observers

Due to the number of volumes (equal to 7), the number of
observers is 6. Indeed, contrary to the Kalman Filter, the
temperature is not estimated until the melting front appears.
The observers are thus designed for melting front locations
corresponding to volumes 2 to 7.

For each observer, the eigenvalues were fixed to obtain a
rapid convergence, leading to the values of Kobs mentioned in
Table 2.

The results are illustrated in Figure 4. During the first hour,
the difference between estimated and real values is large be-
cause, as mentioned previously, no correction is effected.

Figure 2. Spatial grid

Figure 3. Experimental validation with Extended Kalman
Filter

Table 2. Evolution of the Observers Gains with Switching

Melting Node 2 3 4 5 6 7

Kobs
K � �0.054

0.455� K � �0.066
0.89
4.37

� K � �
0.078
1.4
11.0
38.5

� K � �
0.09
2.0
21.4
116
321

� K � �
0.10
2.68
36.0
265
1084
2577

� K � �
0.11
34.4
55.4
515
2839
9449
20059

�
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During this first hour, the temperatures are just simulated,
and the initial temperature of tylose sample is -35°C while the
initial temperatures in the simulator are -45°C. As soon as the
measured temperature T1 reaches the peak value (Tm� �
�2.6�C), after about one hour, we can observe small distur-
bances in the simulated values, corresponding to the commu-
tations.

From this point, the estimated values converge towards the
measurements with a satisfying rate.

Obviously, some errors remain, but they can be attributed to
uncertainties concerning the thermocouples locations, convec-
tive coefficient and of course thermal properties approxima-
tions.

Conclusion

In this article, we have proposed original approaches to
estimate, in real time, the melting front progression during food
thawing. The first one is based on the well-known and widely
used Extended Kalman Filter. Let us however mention that,
despite its great effectiveness, the Extended Kalman Filter is
usually difficult to tune and requires the linearization of the
system.

On the contrary, the switched reduced Luenberger observers
benefits from the linearity of the observable subspace. No
mathematical skills are necessary. The implementation is easy
and the tuning of the gains can be performed quite quickly. A
good method to determine these gains consists in calculating
the eigenvalues of the matrix Aobs and to choose the eigenval-
ues of Aobs � KobsCobs a little larger (in absolute value), but
in a similar order of magnitude. These operations are easy to
perform with Matlab®, using the commands “eig” to compute
the eigenvalues, and “place” to determine K with fixed eigen-
values. Moreover, it is important to underline that the loss of
observability can be more important for pure substances, be-
cause their apparent specific heat is closer to a Dirac function
in the melting area. In such cases, the use of the switched
observers is recommended.

It can be seen in this work that whatever is the chosen

approach, satisfying results are obtained. The main advantage
of the Kalman Filter is that it allows estimating the tempera-
tures during the initial phase, without a melting front. On the
contrary, the advantage of the switched linear observers lies in
the fact that the melting front location can be directly deduced
from the number of the active observer. An increasing of the
spatial meshing, and consequently of the number of observers,
would considerably improve the accuracy of this estimation.

A good improvement to the solution would be to couple
these approaches, using the Kalman Filter during the first phase
of the process, and, for the second, the switched observers.

Finally, this work presented results obtained during food
thawing. It is important to mention that the problem presented
is similar in food freezing and that the adaptation of these
approaches is very simple.

Notation

x � state vector
u � input vector
y � output vector
A � state matrix
B � input matrix
C � output matrix
� � density (kg.m-3)

Cp � apparent specific heat (J.kg-1.K-1)
h � convective heat transfer coefficient (W.m-2.K-1)
� � thermal conductivity (W.m-1.K-1)
T � temperature (°C)

T0 � initial temperature of product (°C)
Ta � ambient temperature (°C)
L � thickness of sample (m)

Subscripts

d � defrosted
f � frozen
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